Effective gravitational field equations on a four dimensional brane embedded in a five dimensional bulk have been considered. Using the Einstein-Hilbert action along with the GaussBonnet correction term, we have derived static spherically symmetric vacuum solution to the effective field equations, first order in the Gauss-Bonnet coupling parameter. The solution so obtained, has one part corresponding to general relativity with an additional correction term, proportional to the Gauss-Bonnet coupling parameter. The correction term modifies the spacetime structure, in particular, the location of the event horizon. Proceeding further, we have derived effective field equations for f (R) gravity with Gauss-Bonnet correction term and a static spherically symmetric solution has been obtained. In this case the Gauss-Bonnet term modifies both the event and cosmological horizon of the spacetime. There exist another way of obtaining the brane metric -expanding the bulk gravitational field equations in the ratio of bulk to brane curvature scale and assuming a separable bulk metric ansatz. It turns out that static, spherically symmetric solutions obtained from this perturbative method can be matched exactly, with the solutions derived earlier. This will hold for Einstein-Hilbert plus Gauss-Bonnet as well as for f(R) with the Gauss-Bonnet correction. Implications of these results are discussed.
Introduction
Higher dimensional spacetime is a natural working stage for string theory [1] [2] [3] . One of the string inspired models implementing higher dimensional spacetime manifold in order to address a possible resolution of the long standing hierarchy problem is the brane world model [4, 5] . Initial works in this direction assumed the extra spatial dimensions to be flat and compact -the volume of the extra dimensions suppress the Planck scale in the bulk (the full higher dimensional spacetime) to equivalent to some non-trivial potential in scalar-tensor representation) one can still have γ within experimental bounds. This suggests that Solar System experiments do not exclude the viability of higher order gravity theories even at scales shorter than the cosmological ones. This constraint on γ, on performing a post Newtonian calculation gets transferred to the quantity f (R) 2 , which in turn leads to constraints on the parameters of the model. Combining both perihelion shift of Mercury and Very Long Baseline Interferometry one can show that models like f (R) = f 0 R n , R + aR 2 , R + µ/R, A log R are all consistent with local gravity tests provided the parameters f 0 , a, µ, A satisfy certain bounds. The weak field limit indicates that several higher order Lagrangians are viable on the Solar System scales even though the Solar System experiments pose rather tight constraints on the values of coupling constants. Hence it seems reasonable to affirm that extended gravity theories cannot be ruled out, definitively, using Solar System experiments [53] [54] [55] [56] . Given the fact that f (R) theories of gravity with certain restriction on its parameters pass through both cosmological and local gravity tests, can be a strong candidate for explaining gravity at high energies [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] .
Even though derivation of gravitational field equations on the brane via Gauss-Codazzi formalism or the perturbative expansion in bulk to brane curvature ratio is well known for EinsteinGauss-Bonnet gravity, it has not been derived earlier for f (R) gravity theories with Gauss-Bonnet correction term. In this work we have filled this gap. Starting from a bulk action which depends on both f (R) gravity and the Gauss-Bonnet term, we have derived the brane gravitational field equations by both the procedures sketched above.
Unlike the situation with Gauss-Bonnet term, where one can obtain unique black hole solutions, with f (R) gravity theories obtaining new black hole solutions are difficult, modulo no-hair theorems. However the no-hair theorems depend crucially on the fall-off behavior of the scalar field, i.e., the scalar field must vanish at infinity. When this is not the case one can have non-trivial solutions even in the context of f (R) gravity (or, equivalently scalar-tensor theories) as well [68] [69] [70] [71] [72] . We will consider precisely such a situation in which the scalar field does not vanish at infinity vis-á-vis in the context of brane world and shall obtain spherically symmetric solutions to the effective field equations derived in this work.
The paper is organized as follows: We start with a brief introduction to the effective field equations on the brane with Einstein-Gauss-Bonnet gravity in the bulk and derive the respective ones for bulk f (R) gravity with Gauss-Bonnet correction term in Section 2. Then we have obtained spherically symmetric solutions to the effective field equations, derived for Gauss-Bonnet correction in Section 3 and for f (R) gravity with Gauss-Bonnet correction in Section 4. Subsequently in Section 5 we have described the perturbative formalism and the equivalence with results obtained in earlier sections. Finally, we conclude with a discussion on our results.
We have set the fundamental constants c and to unity and shall work with mostly positive signature of the metric, i.e., (−, +, +, +, . . .). The Latin indices a, b, c, . . . run over the bulk spacetime, while the Greek indices µ, ν, . . . spans the brane spacetime.
Effective Gravitational Field Equations: A Brief Review
Given a gravity theory in the bulk spacetime, our main aim is to obtain and solve the effective field equations on the brane. Before plunging into solving the field equations, we provide a brief introduction to the basic formalism of getting the equations for the case of Einstein-Hilbert action with Gauss-Bonnet correction term. Later we have also derived the gravitational field equations on the brane with both f (R) and Gauss-Bonnet gravity in the bulk.
Einstein-Gauss-Bonnet Field Equations on Brane: Gauss-Codazzi Formalism The bulk spacetime is taken to be 5-dimensional with both Einstein-Hilbert and Gauss-Bonnet terms such that the action is described by,
where κ 2 5 represents the 5-dimensional gravitational constant, L m stands for the matter Lagrangian and L GB represents the Gauss-Bonnet correction term and has the expression,
In the above expressions R, R ab and R abcd are the bulk curvature tensor and its contractions. α appearing in the above expressions is known as the Gauss-Bonnet coupling constant. Varying the brane plus bulk action the gravitational field equations on the bulk turns out to be [73] ,
where we have used the following definitions,
and T ab is the matter energy-momentum tensor originating from the bulk matter action L m with τ ab being brane energy momentum tensor (the brane is located at Σ = 0, which explains the Dirac delta function associated with τ ab ).
Using the Gauss-Codazzi equation [73] , connecting bulk curvature tensors to the brane curvature tensors, the effective equations on the brane can be obtained as [44] ,
In the above expression, E µν stands for the electric part of the bulk Weyl tensor projected on the brane, K µν stands for the extrinsic curvature of the brane with K representing its trace. The three additional tensors H
µν , H
µν and H
µν appearing in Eq. (6) stands for the various quadratic combinations of the curvature tensor, Weyl tensor and derivatives of extrinsic curvature. Since the expressions for these tensors are quiet involved, we have postponed their expressions till Appendix A (for detailed expressions see Eq. (38), Eq. (39) and Eq. (40) in Appendix A.1). Note that if we substitute α = 0, then we would retrieve the effective equations for the Einstein-Hilbert action.
As a final ingredient to the derivation of effective field equations as presented in Eq. (6) we consider the Israel Junction conditions on the brane. For general relativity the junction conditions are simple, the discontinuity in the extrinsic curvature should be related to brane energy-momentum tensor. However when applied to Gauss-Bonnet gravity the junction condition becomes complicated, along with the extrinsic curvature it will depend on curvatures as well. It essentially follows from the boundary term for Gauss-Bonnet action first derived in [74] and then applied to braneworld models in [44, 75, 76] , which reads
where P µανβ is the projection of P abcd , divergence free part of Riemann tensor on the brane and has the following expression
τ ab is the brane energy momentum tensor defined in Eq. (3). The tensor J µν is constructed out of extrinsic curvature of the brane hypersurface only and can be written as,
with J representing its trace and X stands for X evaluated on either side of the brane. These junction conditions have to be used in parallel with the effective field equations presented in Eq. (6) in order to obtain complete dynamics.
f (R)-Gauss-Bonnet Field Equations on Brane: Gauss-Codazzi Formalism The above effective field equations on a brane have been derived on the premise when the bulk spacetime is endowed with Einstein-Hilbert Lagrangian plus a Gauss-Bonnet correction term. Given the current significance of the f (R) gravity model another important situation arises if one considers a f (R) term, where f is an arbitrary function of R, the Ricci scalar of the bulk spacetime along with the Gauss-Bonnet correction term. The relevant action becomes,
Following the same procedure, using the Gauss-Codazzi equations one can relate brane curvature tensors to those in the bulk and finally project the bulk gravitational field equations on the brane. After all these steps the effective gravitational field equations on the brane finally turn out to be (see [44] and [77] )
Let us explain various terms in the above expression. G µν stands for the standard Einstein tensor and µ, ν refers to brane indices. E αβ represents the electric part of bulk Weyl tensor C abcd projected on the brane. The tensors H
µν contain various quadratic combinations of the curvature, Weyl tensor and derivatives of extrinsic curvature tensor. Since the expressions for these tensors are quiet involved, we have presented them in Eq. (38) , Eq. (39) and Eq. (40) of Appendix A.1 respectively. Furthermore, the term M µν corresponds to R µν − KK µν + K µα K α ν and M is just the trace of M αβ , i.e., M = h αβ M αβ . Also the term F (R) appearing on the left hand side of Eq. (11) is connected to the Lagrangian term f (R) through the following relation,
Here Σ in the subscript of Eq. (12) signifies that the quantity is evaluated on the hypersurface Σ, i.e., on the brane. Note that for f (R) = R, F (R) vanishes identically and we get back Eq. (6) . Just like the case of Gauss-Bonnet gravity in the case of f (R) gravity as well junction conditions are of quiet importance. Recently, there have been lots of work in this direction and most of them have discussed the junction conditions to some extent. We would not repeat the full analysis but shall provide a brief argument. The field equations for f (R) gravity can be written as equivalent to Einstein's equations with the additional curvature contributions as an energy momentum tensor. Thus the junction condition becomes conditions on extrinsic curvature only, with the right hand side containing projection of the additional bulk energy momentum tensor on the brane, see for example [78] [79] [80] [81] [82] .
Einstein-Gauss-Bonnet Field Equations on Brane: Perturbative Method The other approach to get field equations on the brane requires the bulk equations to be expanded perturbatively in the ratio of bulk to brane curvature. Perturbative expansion for the action presented in Eq. (1) leads to the following field equations on the brane [48] 
where β = (4α/ 2 ) is a dimensionless quantity, with α being the Gauss-Bonnet coupling constant and being the bulk curvature radius. The tensor T µν on the right hand side of low energy effective field equations is the energy-momentum tensor on the brane, R αβ is the Ricci tensor on the brane and C αβµν is the four-dimensional Weyl tensor. The other tensors have a much involved expressions and have been defined explicitly in Appendix A.1 (in particular Eq. (47) to Eq. (50)).
f (R)-Gauss-Bonnet Field Equations on Brane: Perturbative Method Finally the above result, being derived for the Einstein-Hilbert action plus the Gauss-Bonnet correction term, can be generalized in a straightforward manner to f (R) plus the Gauss-Bonnet correction term. In this case the gravitational field equations on the brane will take the following form,
Here also β is a dimensionless parameter, (4α/ 2 ), where α is the Gauss-Bonnet coupling constant and being the bulk curvature radius. The tensor T µν on the right hand side of the field equations is the energy-momentum tensor, R αβ is the Ricci tensor and C αβµν is the Weyl tensor on the brane. Further the quantity F (R) has the expression as detailed in Eq. (12) . Among the others W µ ν is quadratic in the Weyl tensor, The two approaches: A Comparative Study Let us briefly discuss the pros and cons of the two methods discussed above. The first method of projecting the bulk equations using GaussCodazzi relations is exact. While the second one is a perturbative method -the bulk equations are expanded in terms of bulk to brane curvature ratio. Hence the second method relies heavily on the fact that bulk curvature scale brane curvature scale, which is satisfied at the mesoscopic (or intermediate) energy scales we are interested in. The validity of the perturbative method is manifested in our analysis, viz., the solution obtained through the first technique exactly matches with that obtained by the second, both being first order in the Gauss-Bonnet coupling parameter. The equivalence at the energy scales of interest not only holds for Einstein-Gauss-Bonnet but for f (R)-Gauss-Bonnet gravity as well, which we have illustrated in later sections. Thus one might use the perturbative technique, which is simpler compared to the other exact formulation as long as the bulk curvature radius is much smaller compared to that on the brane.
As a final remark, we will consider the matter content of our theory. We have bulk energy momentum tensor T ab and its projection on the brane along with the brane energy momentum tensor τ ab . We will assume that there is no matter field on the bulk, except for a negative bulk cosmological constant Λ, while the energy momentum tensor on the brane is constructed out of brane tension Σ alone. Thus we have a vacuum brane. To linear order in Gauss-Bonnet coupling parameter α, what we will be interested in, the effect of these two will be a combination −|Λ| + (1/6)κ 2 5 Σ 2 [30, 44, 83] . Choosing the brane tension appropriately this term can be made to vanish, which is equivalent to assuming existence of a small cosmological constant. We will work under these assumptions for simplicity, but the results can be generalized straightforwardly to include effective brane cosmological constant as well. We will now try to solve the above equations and obtain vacuum spherically symmetric solutions.
Static, Spherically Symmetric Vacuum Brane with EinsteinGauss-Bonnet Gravity in the Bulk
In this section we will be concentrating on Einstein-Hilbert action with a Gauss-Bonnet correction term. As mentioned in the introduction itself, we are interested in vacuum solutions of the effective field equations, which for this particular situation are given in Eq. (6) . Even though the effective equations in Eq. (6) looks rather involved, with additional symmetries, e.g., staticity, spherical symmetry reduces the effective equations to a tractable form. Further the spacetime is taken to be vacuum, it immediately follows that the brane energy-momentum tensor identically vanishes. This in turn implies vanishing of the extrinsic curvature, due to the Junction conditions. For this special class of static and spherically symmetric spacetime the line element can be written as,
At this stage it would be interesting to briefly mention existing results in the literature. GaussBonnet gravity in the bulk was an active area research and quiet a lot of results have been derived. All these works can be divided broadly into two classes:
• people have started from the famous Deser-Boulware solution in Gauss-Bonnet bulk, where the bulk metric is spherically symmetric. Subsequently, the brane was assumed to have a time dependent position in the bulk such that the metric reduces to cosmological Friedmann ansatz on the brane. Then by taking the energy momentum tensor on the brane to be perfect fluid, using junction conditions one can immediately derive the Hubble parameter. This closes the brane-bulk system, with spherically symmetric bulk and cosmological brane [75, 76, [84] [85] [86] [87] (Note that one should carefully regularize the delta function present in the junction condition, otherwise one might led to inconsistencies [88] ).
• The same result can also be obtained but from a different perspective. One can start with a metric ansatz such that the brane is located at a fixed point and have cosmological solution. Then using integrability of the field equations one arrives at various classes of solutions. Among them one class leads to Deser-Boulware solution in the bulk and cosmological solution in the brane with identical Hubble parameter as in the above situation. However they could obtain other non-trivial solutions as well [83, [89] [90] [91] [92] .
This should be contrasted from our aim in this work. Both the approaches lead to cosmological solutions on the brane not spherically symmetric black hole solution. Secondly, use of Junction condition as one of the field equations is possible only in cosmology which is dependent on a single parameter a(t). In the spherically symmetric case, with ν, λ as two arbitrary parameters this method does not work. Further in the first case people assumes the Deser-Boulware solution in the bulk, but in the effective equation formalism there is no need to have knowledge about the bulk metric.
Hence in the situations we know the bulk metric, use of Gauss-Codazzi equation is redundant, however in our case we are not bothered by the bulk metric and in this case there is no way to avoid Gauss-Codazzi equation.
Returning back to our discussion, it turns out that even with spherical symmetries, solution to the effective equations cannot be obtained in closed form. This has to do with the fact that the left hand side of Eq. (6) contains curvature tensor squared expressions. In order to obtain analytic closed form solution, on top of these symmetries we keep terms linear in the Gauss-Bonnet coupling parameter α. This immediately suggests that all the quadratic terms are already multiplied by α and thus all the quadratic terms will be replaced by their general relativity expressions. Finally, for vacuum, spherically symmetric, static spacetime the effective field equations linear in Gauss-Bonnet coupling constant takes the following form:
Here E µν is obtained by projecting the electric part of bulk Weyl tensor on the brane, R µναβ stands for four-dimensional curvature components evaluated for the background Einstein-Hilbert action and α is the Gauss-Bonnet coupling parameter. We need to solve the two unknown parameters λ and ν, for which we require two differential equations which are supplied by the temporal part and radial part of Eq. (16) respectively (for explicit expressions see Eq. (59) and Eq. (60) in Appendix A.2).
The only remaining object which we need to consider corresponds to the electric part of the Weyl tensor
It is evident from the expressions that this tensor originates from the bulk Weyl tensor C abcd . Thus it can inherit nonlocal effects from free bulk gravitational field. In this context we would like to clarify an important issue related to bulk-brane dynamics. The brane energy momentum tensor produces effects on the bulk, which in turn alters the geometry of the brane. Thus bulk and brane dynamics are entangled to each other. This effects shows up in the effective equation formalism through E µν , as it depends on bulk Weyl tensor. In order to get the bulk Weyl tensor one needs to solve the bulk equations to relate bulk and brane dynamics, which in general is difficult to solve. However in this particular situation, when spacetime is static and spherically symmetric it is possible to encode all the bulk informations in E µν in terms of two unknown functions U (r), known as "dark radiation" and P (r), known as "dark pressure" (see [93] for a detailed discussion). The differential equation satisfied by U (r) and P (r), will emerge from Bianchi identities.
The dark radiation term U (r), which is a scalar, can be obtained by projecting E µν along static observers world line and is given by,
Here k 2 4 = 8πG N , with G N being the four-dimensional gravitational constant. Similarly, one can obtain the dark pressure as, P µν = P (r) r µ r ν − 1 3 ξ µν , where r µ stands for the unit radial vector and ξ µν = h µν + u µ u ν being the induced metric on t = constant surface. The tensor P µν on the other hand is related to E µν as,
Hence in a static spherically symmetric spacetime, E µν involves only two functions, the dark radiation U (r) and the dark pressure P (r). Let us now resume our main job, i.e., to find a static, spherically symmetric vacuum solution to the effective field equations presented in Eq. (6) . For that we need a background general relativity vacuum solution. This was obtained in [31] and the metric elements in the light of Eq. (15) takes the form,
where Q 0 is an integration constant and is related to the total dark radiation within a spherical volume and λ T stands for the brane tension. The two unknown functions U (r) and P (r) has the following functional behavior: U (r) = −(P 0 /2r 4 ) and P (r) = (P 0 /r 4 ), which brings P 0 in Eq. (17) . The two constants a and b are determined from the general relativity solution and have respective values: a = 2GM + Q 0 and b = (3P 0 /8πGλ T ). We now compute the components of curvature tensor using the background general relativity solution discussed earlier and obtain an expression for the right hand side of effective field equations as presented in Eq. (59) and Eq. (60). This will lead to first order linear differential equations in ν and λ correct up to linear order in Gauss-Bonnet coupling constant. Thus performing this procedure (lengthy but straightforward; see Appendix A) we arrive at the following equation for the temporal component (for a detailed derivation see Eq. (69) in Appendix A.2),
where [41] is related to the coefficient of electric part of Weyl tensor. In the above expression we also have the following solutions for the dark radiation U = −P 0 /2r 4 and dark pressure P = P 0 /r 4 . These results upon substitution in Eq. (18) leads to
This immediately implies the following differential equation for e −λ , 
The left hand side is a linear differential operator acting on e −λ , the g rr metric component and the right hand is solely a function of r, due to spherical symmetry. This can be readily integrated and finally we obtain:
where in obtaining the last line we have incorporated the values of a, b andκ respectively, which are,
We note that the introduction of additional Gauss-Bonnet correction term alters the nature of the black hole solution. The most prominent change corresponds to change in the location of the black hole horizon. In the original spacetime the horizon is located at the radius where (1−(a/r)−(b/r 2 )) identically vanishes. However in the modified metric the above horizon is no longer the radius at which f (r) vanishes. In the modified metric the solution of f (r) = 0 corresponds to a sixth degree algebraic equation, whose solution can considerably differ from the original location of the black hole horizon. The difference should depend linearly on α since our metric elements are valid only within linear orders in the Gauss-Bonnet coupling parameter. Hence if the original horizon was located at r = r 0 , the modified horizon should be expressible as, r h = r 0 + αr 1 + O(r 2 ). Here the parameter r 1 depends on the mass, Q 0 and P 0 , inherited from the bulk. Moreover for consistency of the perturbative method this term should be smaller compared to the background value.
Along similar lines we can use the background general relativity metric elements to compute the right hand side of Eq. (60) . Then it will again provide a linear differential equation in e ν . Since due to spherical symmetry the right hand side of Eq. (60) depends only on the radial coordinate r, that can be readily integrated leading to solution for e ν . The differential equation for e ν originating from G r r turns out to be (for a detailed derivation see Eq. (70) of Appendix A.2),
Then finally integrating this expression we readily obtain the solution for g tt component as e ν = e −λ , where e −λ is given by Eq. (21). In the background spacetime described by general relativity we had g tt = g −1 rr , then it turns out that even when Gauss-Bonnet correction term is added to the EinsteinHilbert Lagrangian, to first order in Gauss-Bonnet coupling parameter, the vacuum solution still satisfies the condition g tt = g −1 rr . Note that the above analysis has been carried away to the first order in the Gauss-Bonnet coupling parameter. At this stage it might seem a subjective choice but as we will numerically explain a few paragraphs down the line this is a justified procedure. Higher order contributions are much smaller. However given the solution at linear order one might draw some tentative for of the metric function at second order. For example, it seems natural that the second order contributions should contain,
and so on. As emphasized earlier these terms would be very small in comparison with the first order terms, which we will discuss later.
Physical Relevance of the Solution The solution obtained above inherits the effect from the bulk spacetime as well as from the Gauss-Bonnet term, we will discuss both the terms separately. The bulk, affects the brane through the electric part of the Weyl tensor which manifests itself through the dark pressure term P 0 and the brane tension λ T . Note that the corresponding term in the metric, (3P 0 /8πGλ T )r −2 has appearance as the electric charge but with a negative sign. This originates due the fact that the "charge" is gravitational in nature, generated from the bulk dynamics. The horizon location corresponds to e −λ = 0, which without the Gauss-Bonnet coupling leads to,
As the Gauss-Bonnet coupling is included, the horizon location gets modified to linear order in α as,
In the general case the closed form expression is quiet involved, so we have presented the variation of the horizon radius with the Gauss-Bonnet coupling in Fig. 1 . It turns out that the horizon radius increases with the increase of the Gauss-Bonnet coupling parameter. Two more aspects can be briefly mentioned in this connection. The first one corresponds to the horizon thermodynamics. One can invert the above relation to obtain gravitational mass in terms of the horizon radius and can further be expressed in terms of the Wald entropy suited for Einstein-Gauss-Bonnet gravity, which leads to the black hole temperature. One can calculate the corresponding specific heat straightforwardly, leading to standard and finite behavior. As expected, the above solution does not exhibit any phase transition. The other aspect, corresponds to stability of the solution. This can be performed by considering the linear perturbations over and above the metric functions. The perturbations can be divided into three classes -scalar, vector and tensor. All these modes satisfy decoupled wave equations with a potential depending on the metric functions. For stability the potentials should be positive [94] [95] [96] . Since all the dominating terms, the bulk gravitational charge and the Gauss-Bonnet correction term appears with a negative sign, their contribution to the potentials for scalar and tensor modes would be positive, while that for the vector modes would be negative as one can readily verify. Hence under linear tensor and scalar perturbations, the above solutions are stable.
Numerical Estimations
To understand the approximations involved, it is instructive to provide a numerical estimate of curvature scales associated with the problem. The potential for general relativity scales as R S /r, where R S is the Schwarzschild radius. For sun, one has R S = 2.95 km. On the other hand from solar system physics, the Gauss-Bonnet parameter is constrained to α 1.27 × 10 −7 [97] . Hence the ratio of the curvature due to first order correction compared to the general relativity solution corresponds to: (αR S )/r 3 , where r is the distance from the singularity. The coefficient of r −1 is denoted as M , while that for r −2 is Q 2 . Hence M is the standard gravitational mass, while Q is the gravitational charge inherited from the bulk. As expected, with increase of M and Q the horizon radius increases, as well as with increase of Gauss-Bonnet coupling constant. The unit has been chosen such that G = 1 = c, for convenience.
For r = ηR S , where η is a numerical factor one obtains the ratio to be 0.15 η −3 × 10 −13 , for a solar mass black hole. Hence it suffices to keep terms linear in α, as long as one is interested in energy scales much below Planck scale (or, away from the singularity). This justifies our expansion of the field equations on brane to linear order in the Gauss-Bonnet coupling parameter.
Having obtained the vacuum spherically symmetric static solution for Einstein-Hilbert action with Gauss-Bonnet correction term to linear order in the Gauss-Bonnet coupling parameter, we will now take up the case of f (R) gravity added to Gauss-Bonnet correction term and shall obtain the vacuum solution thereof.
Vacuum Solution in the brane with bulk f(R) and GaussBonnet Gravity
We will now concentrate on the situation when both f (R) and Gauss-Bonnet gravity are present in the bulk, such that the bulk gravitational action takes the form presented in Eq. (10). With vacuum, static, spherically symmetric spacetime the line element can be written as Eq. (15), with g tt = e ν(r) , g rr = e λ(r) . In this case also, these symmetries cannot help to analytically solve the problem and we once again work upto linear order in α, the Gauss-Bonnet coupling constant. Using the symmetries and the above condition we arrive at the following form for the effective field equations,
where again E µν stands for the electric part of the bulk Weyl tensor. This is the part which originates from bulk and in general we need to solve bulk equations in order to get E µν , which is a formidable task. As emphasized earlier in presence of staticity and spherical symmetry E µν can be decomposed into a dark radiation part and a dark pressure part as in Section 3. Given this setup we shall now be able to determine the solution for the two unknown parameters, namely λ and ν.
For the background metric we need solution to the effective field equations in f (R) gravity model. Such a solution was obtained in [77] and corresponds to the following line element,
Here Q 0 stands for an integration constant and is related to the total dark radiation within a spherical volume. λ T denotes the brane tension. The origin of P 0 in Eq. (26) is from the dark radiation term i.e., from the bulk Weyl tensor. The three constants a, b and c are determined from the f (R) solution to have the respective values: a = 2GM +Q 0 , b = (3P 0 /8πGλ T ) and c = F (R)/3. Having obtained the metric it is straightforward to compute the components of curvature tensor and obtain an expression for the right hand side of the effective field equations as presented in Eq. (25) . This will eventually lead to first order linear differential equations in ν and λ correct up to linear order in Gauss-Bonnet coupling constant. Performing this procedure (see Appendix A) we arrive at the following differential equation for e −λ (see Eq. (81) 
where we have introduced this quantityκ = (1/4πGλ T ). The above equation of e −λ , being an ordinary, first order differential equation can be readily integrated and thus a solution for e −λ can be obtained. This solution turns out to be,
where in order to obtain the last line we have substituted for a = 2GM + Q 0 , b = (3P 0 /8πGλ T ) and c = F (R)/3. Also note that for e −λ the first four terms constitute the standard f (R) gravity solution [77] , plus additional correction terms of order α, the Gauss-Bonnet coupling parameter, as the action is modified by the addition of a Gauss-Bonnet term.
In obtaining this solution we have used the fact that F (R) on the brane is merely a constant, which in turn implies that in the scale-tensor representation the scalar field is a constant on the brane. Since the scalar field does not vanish at infinity, the no-hair theorems are not applicable and hence the spherically symmetric solution can differ from its general relativistic counterpart. This difference is manifested in the term F (R)(r 2 /3). Similar, non-trivial solutions were obtained earlier in [33, [68] [69] [70] [77] [78] [79] [80] . Further for F (R) < 0, one obtains Schwarzschild de Sitter solution on the brane when Gauss-Bonnet parameter vanishes. As the Gauss-Bonnet parameter appears the structure differs from that of Schwarzschild de Sitter, which was also noted earlier in [66] .
We note that due to this addition of Gauss-Bonnet correction term to the original f (R) gravity action the location of the black hole horizon changes. A black hole solution in the original spacetime can be altered to a different location. This is evident, since the original fourth order algebraic equation gets transformed to a sixth order one. Depending on the parameter space of the parameters, consistent with the expansion to linear order in Gauss-Bonnet parameter, the black hole horizon will be modified by a term linear in α.
Now we have to solve for e ν in order to obtain the full spherically symmetric solution. For that we require the radial part of the effective equations. Like e λ , for e ν as well we have first order and ordinary differential equation. This differential equations turns out to have the following form (see Eq. (84) in Appendix A.3 for detailed discussion),
This equation can be integrated and we readily obtain the solution for g tt component as e ν = e −λ , where e −λ is given by Eq. (28) . In the background spacetime described by f (R) gravity we had
rr . To our surprise, it turns out that even when Gauss-Bonnet correction term is added to the f (R) Lagrangian, to first order in Gauss-Bonnet coupling parameter the vacuum solution still satisfies the condition g tt = g −1 rr .
Physical Relevance of the Solution To complete the discussion, let us consider the physical relevance of the solution derived above. As in the previous situation, here also the horizon location will change. However for F (R) < 0, the solution being of the form Schwarzschild de Sitter, one expects two horizons -the black hole event horizon and the cosmological event horizon. The discussion is simpler in units where M = 1. Thus for α = 0, one defines, dimensionless parameters, 
where,ᾱ is another dimensionless parameter, (α/M 2 ). The general expression for modified horizon locations is quiet involved, so we have computed it numerically and presented the variation of the horizons with Gauss-Bonnet coupling parameter in Fig. 2 . Note this this shift in the horizon location is quiet crucial from experimental point of view. Regarding the displacement of event horizon, have implications on the accretion disk structure, gravity wave emission, which might be detectable in near future with more and more accurate determination of the event horizon. On the other hand, modification in cosmological horizon can also act as a test bed for Gauss-Bonnet theories along with f (R) gravity. Since typically the scale below which galaxy clusters can exist corresponds to the cosmological horizon, hence any shift in the cosmological horizon might have observable effect on the structure formation in the universe.
Let us now briefly comment on the thermodynamic behavior and stability of the solution. Using the equation e −λ = 0, we can obtain the gravitational mass as a function of the horizon radius and The figure illustrates variation of both the event and cosmological horizon with the Gauss-Bonnet coupling constant α. The variation with the gravitational charge inherited from the bulk and the contribution from f (R) gravity is also presented. The event horizon radius increases with increase of gravitational charge Q, while it decreases with decrease of F (R). While for the cosmological horizon, the effect of increasing (or decreasing) the gravitational charge Q is negligible, but as the term F (R) is decreased, the cosmological horizon radius increases. The unit has been chosen such that G = 1 = c and M = 1, for convenience.
subsequently use of entropy corresponding to f (R) with Gauss-Bonnet gravity leads to black hole temperature in terms of the entropy. Taking derivative of the temperature one immediately obtains the specific heat. For F (R) < 0, the specific heat turns out to be finite, while for F (R) > 0, the specific heat diverges and changes sign, signaling appearance of a second order phase transition (for details see [77] ). Moreover both the scalar and tensor modes are found to be stable for any possible values of the parameters, while for F (R) > 0, the vector mode would be stable, otherwise it leads to instability [77] . Similar situation is found for the Einstein-Gauss-Bonnet black hole as well. Further, the numerical estimation of various parameters scale exactly like the previous scenario, showing the validity of expanding the field equations to linear order in Gauss-Bonnet coupling parameter. So far we have obtained the vacuum spherically symmetric static solution for both the Einstein-Hilbert action and f (R) action with Gauss-Bonnet correction term. We will now take up the situation where field equations on the brane are obtained by perturbative method and shall comment on the spherically symmetric solutions obtained from them.
5 Spherically symmetric solution on the brane using perturbative method
In the previous sections we have derived the spherically symmetric solutions on the brane starting from the field equations obtained by projecting the bulk equations using Gauss-Codazzi relations.
As emphasized earlier, the other perturbative method corresponding to expansion of bulk equations in terms of bulk to brane curvature ratio. Due to fundamental difference between these two approaches (one is exact, while the other one is perturbative) in this section we will briefly de-scribe how to obtain static spherically symmetric solution to these field equations derived assuming bulk curvature scale brane curvature scale.
Brane solution corresponding to Einstein-Gauss-Bonnet bulk For Einstein-Hilbert action with Gauss-Bonnet correction term, the perturbative field equations have been presented in Eq. (13) . The right hand side of Eq. (13) in absence of external matter fields and for spherically symmetric spacetime becomes linear in the Gauss-Bonnet coupling parameter, simplifying our analysis. Further expanding the equations to linear order in Gauss-Bonnet coupling parameter, using Eq. (17) as the background spacetime we finally obtain the differential equation for e −λ to be (see Eq. (91) in Appendix A.4 for derivation),
where
The most important object appearing in the above equation is (2) χ t t , which originates as we integrate the bulk equations over extra coordinate and thus in spherically symmetric case it is dependent on the radial coordinate only. This equation can be readily integrated leading to the following expression for e −λ (see Eq. (92) in Appendix A.4 for derivation),
where we have written β in terms of the Gauss-Bonnet coupling parameter α and have defined κ = (1/4πGλ T ). It is clear that for α = 0, we retrieve the standard solution of general relativity. All the correction terms are linear in α and originates from the addition of Gauss-Bonnet term to the original Einstein-Hilbert action. However still this solution has some arbitrariness, in the sense that the object (2) χ t t has not been determined. The most remarkable feature of this solution comes into light if we choose the bulk integration constant (2) χ t t to be,
In which case the solution for e −λ can be obtained exactly by substituting for a = 2GM + Q 0 , b = (3P 0 /8πGλ T ) andκ = (1/4πGλ T ), which matches exactly with the solution obtained from the projected field equations on the brane. One further obtains e ν = e −λ . Note that, in the first approach we have expanded the brane field equations to linear order in Gauss-Bonnet parameter, while in the second approach, we have also assumed bulk curvature scale brane curvature scale.
Brane solution corresponding to f (R)-Gauss-Bonnet bulk To complete the discussion, we will try to see whether the same result holds for f (R) gravity with Gauss-Bonnet correction term as well. The perturbative field equations for f (R) gravity with Gauss-Bonnet correction term is presented in Eq. (14) . Keeping terms linear in the Gauss-Bonnet coupling strength and using the background spacetime given in Eq. (26) the metric element e −λ becomes
Here a = 2GM + Q 0 , b = (3P 0 /8πGλ T ) and c = F (R)/3 are the parameters from the background spacetime. Finally setting (2) χ t t (r) to the following value,
one one arrives at Eq. (28). Thus we have derived the spherically symmetric solutions for the perturbative field equations in both the gravity theories as well (see Appendix A.5 for a detailed derivation).
Numerical Estimation As the solutions derived in perturbative method matches with the solutions derived in earlier sections the numerical comparison is more or less similar. In the perturbative calculation, however, there are two scales involved. One corresponds to the curvature scale due to Gauss-Bonnet term to the curvature scale of the background spacetime. As we have illustrated earlier, this corresponds to, (αR S )/r 3 , where r is the distance from the singularity and R S is the Schwarzschild radius. For r = ηR S , η being a numerical factor, one obtains, the ratio to yield, 0.15 η −3 × 10 −13 , for a solar mass black hole. Hence the approximation of keeping terms linear in the Gauss-Bonnet coupling parameter is quiet justified at the curvature scales under consideration. On the other hand the other approximation, bulk curvature scale brane curvature scale can also be numerically tested. The bulk curvature scale corresponds to Planck Length ∼ 10 −35 m, while the brane curvature scale for a solar mass black hole near the event horizon corresponds to, ∼ 10 3 m. Hence the bulk curvature scale is way smaller compared to that on the brane. Thus both the approximations used to derive the solution are well satisfied.
Discussion
In the literature, there exist two possible ways to derive gravitational field equations on a brane starting from the higher dimensional bulk equations. One of them is arrived at by projecting the bulk geometrical quantities on the brane, which is accomplished through use of Gauss-Codazzi equations and their various contractions. This process inherits the bulk effect through the electric part of the Weyl curvature tensor. In static spherically symmetric spacetime this term can be expressed through two unknown scalar functions, known as dark radiation and dark pressure respectively, with an equation of state relating them.
The second one is obtained through a perturbative expansion of the bulk field equations with bulk to brane curvature scale ratio as the perturbation parameter. In this approach the bulk equations are solved iteratively, i.e., the solution for the extra dimensional part (keeping the brane metric arbitrary) obtained at the second order is substituted in the third order equation in order to get the field equations on the brane at third order. In this manner the brane gravitational field equations are obtained. At face value it seems that these two approaches are based on completely different setup and hence would lead to completely different solutions.
In this work we embark to show that this two approaches can lead to identical results in some simplified scenarios. Since addition of a higher curvature term to the Einstein-Hilbert action can lead to non-trivial results, we start with Einstein-Hilbert action with a Gauss-Bonnet correction term. From the projected effective equations we calculate corrections to the background static spherically symmetric metric to linear order in the Gauss-Bonnet coupling parameter. These additional terms can change the original black hole solution to a new black hole solution with an altered location of the event horizon. The solution so obtained is stable under tensor and scalar perturbations, with finite specific heat. While, for the case of f (R) and Gauss-Bonnet gravity present in the bulk action, the presence of Gauss-Bonnet term modifies both the black hole and the cosmological event horizon. This might have potential signatures in the large scale structure formation. In this case as well the solution is stable under tensor and scalar perturbations. However for some specific choices for the derived quantity F (R), the black hole can exhibit second order phase transition. We have also provided numerical estimate for various terms appearing in the metric and justification of the approximations made. Hence we conclude that the background geometry can be significantly distorted by addition of a higher curvature term to the Einstein-Hilbert action. More importantly, when similar exercise is performed using the perturbative approach, one ends us getting identical solutions. To our surprise this feature continues to hold even for bulk f (R) gravity with a GaussBonnet correction term. This shows that these two apparently independent methods of getting the field equations on the brane yield identical static, spherically symmetric solutions in the context of both Einstein-Hilbert and f (R) action with a Gauss-Bonnet correction term, keeping linear order terms in the Gauss-Bonnet coupling parameter.
As a possible future application one might try to explicitly demonstrate the equivalence of these two approaches by solving the full equations. In other words, one can solve the full brane field equations and compare with both the -i) projective approach using Gauss-Codazzi relations on the brane and ii) the perturbative result, respectively.
A.1 Basic Ingredients
The effective field equations obtained through projection of bulk gravitational field equations and Gauss-Codazzi equation takes the following form:
where most of the tensors have been discussed in detail in the main text with explicit expressions given. However the three tensors H
µν have been discussed but detailed expressions were not provided in the main text, the same appears below,
In all these expressions the quantities M αβµν , M αβ , M and N µ , N µνρ have appeared repeatedly. These quantities have the following expressions,
The above expressions were used in the context of effective field equations. Let us now concentrate on the perturbative method. In this particular situation the gravitational field equations on the brane with Einstein plus Gauss-Bonnet gravity takes the following form,
Except for a few well known tensors described in the main text the other tensors appearing in the above expression turns out to be,
Next we will discuss the field equations for spherically symmetric spacetime derived from the effective equation presented in Eq. (37).
A.2 Effective Field Equations in General Relativity with Gauss-Bonnet correction: Detailed Analysis
We are interested in static spherically symmetric spacetime for which the line element takes the form,
For this line element one can immediately obtain the connections and hence the curvature tensor components. Using the curvature tensor components and its various contractions we obtain the following relations:
For static spherically symmetric spacetime, the curvature tensor components that enter the effective field equations satisfy the following relations:
Thus the temporal part of the effective field equations presented in Eq. (37) can be simplified using the above equations and finally that leads to,
By identical methods the radial component of the effective equations can be obtained. This also requires writing all the curvature components explicitly using earlier identities. This leads to,
In the above expression the G µ ν on the left hand side is for the full Einstein-Hilbert plus GaussBonnet gravity, while the terms on the right hand side being already linear in α are evaluated for background general relativity.
For the background general relativity solution we have e ν = e −λ = 1 − (a/r) − (b/r 2 ), for which we readily obtain: 
Again starting from the expressions for curvature components with metric elements e ν = e −λ = 1 − (a/r) − (b/r 2 ), we readily obtain, 
hence e ν = e −λ . However from the above structure the corrections are not immediately obvious. For that we note using (2) 
χ µν the field equations transform to, 
In this case as well we note, 
Thus keeping terms upto linear order in β the temporal component turns out to be,
